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Abstract

Let R be a commutative completely primary finite ring with the unique maximal ideal J such
that J3 = (0) and J2 # (0): Then R&#x2044;J = GF(pr) and the characteristic of R is pk, where
1 <k < 3, for some prime p and positive integers k, r. Let Ro = GR (pkr,pk) be a galois subring
of Rsothat R=Ro® Ud V & W, where U, V and W are finitely generated Ro-modules. Let
non-negative integers s, t and be numbers of elements in the generating sets for U, V and W,
respectively. In this work, we determine the structure of the subgroup 1+W of the unit group R*
in general, and the structure of the unit group R* of R when s = 3, t = 1; > 1 and characteristic
of R is p. We then generalize the solution of the cases when s =2, t = 1; t = s(s +1)&#x2044;2
for a fixed s; for all the characteristics of R ; and when s = 2, t = 2, and characteristic of R is p to
the case when the annihilator ann(J ) =J2 + W, so that > 1. This complements the author’s earlier
solution of the problem in the case when the annihilator of the radical coincides with the square of
the radical.

KEYWORDS: unit groups, completely primary finite rings, galois rings
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ON UNIT GROUPS OF COMPLETELY PRIMARY FINITE
RINGS

CHITENG’A JOHN CHIKUNJI

ABSTRACT. Let R be a commutative completely primary finite ring with
the unique maximal ideal [ such that J° = (0) and J* # (0). Then
R/J = GF(p") and the characteristic of R is p*, where 1 < k < 3, for
some prime p and positive integers k, r. Let R, = GR(p"", p*) be a
galois subring of R so that R = R, ®U ®V W, where U, V and W are
finitely generated R,-modules. Let non-negative integers s, ¢ and A\ be
numbers of elements in the generating sets for U, V and W, respectively.
In this work, we determine the structure of the subgroup 1+ W of the
unit group R* in general, and the structure of the unit group R* of R
when s = 3, t =1, A > 1 and characteristic of R is p. We then generalize
the solution of the cases when s =2, t =1;¢ = s(s+1)/2 for a fixed s;
for all the characteristics of R ; and when s = 2, ¢t = 2, and characteristic
of R is p to the case when the annihilator ann(J) = J? + W, so that
A > 1. This complements the author’s earlier solution of the problem in
the case when the annihilator of the radical coincides with the square of
the radical.

1. INTRODUCTION

Throughout this paper we will assume that all rings are commutative rings
with identity, that ring homomorphisms preserve identities, and that a ring
and its subrings have the same identity. Moreover, we adopt the notation
used in [2] and [3], that is, R will denote a finite ring, unless otherwise stated,
J will denote the Jacobson radical of R, and we will denote the Galois ring
GR(p™, p™) of characteristic p” and order p™" by R,, for some prime integer
p, and positive integers n, r. We denote the unit group of R by R*; if g is
an element of R*, then o(g) denotes its order, and < g > denotes the cyclic
group generated by g. Further, for a subset A of R or R*, |A| will denote
the number of elements in A. The ring of integers modulo the number n will
be denoted by Z,, and the characteristic of R will be denoted by charR.

A completely primary finite ring is a ring R with identity 1 # 0 whose
subset of all zero-divisors forms a unique maximal ideal 7.

Let R be a completely primary finite ring with maximal ideal J. Then
R is of order p™"; J is the Jacobson radical of R; 7™ = (0), where m < n,
and the residue field R/J is a finite field GF(p"), for some prime p and
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positive integers n, r. The charR = p*, where k is an integer such that
1 <k <m Ifk=mn,then R = Z,[b], where b is an element of R of
multiplicative order p" — 1; J = pR and Aut(R) = Aut(R/pR). Such a
ring is called a Galois ring, denoted by GR(p*", p¥). Let GR(p*", p*) be the
Galois ring of characteristic p* and order p*”, i.e., GR(p*",p*) = L[]/ (f),
where f € Z,r[z] is a monic polynomial of degree r whose image in Zj|[x]

is irreducible. If charR = p*, then R has a coefficient subring R, of the
form GR(p*", p*) which is clearly a maximal Galois subring of R. Moreover,
there exist elements mi, ms, ..., my € J and automorphisms o1, ..., o €
Aut(R,) such that

h
R=R,® > Rym; (as R,—modules), m;r = r%m;,
i=1

for every r € R, and any ¢ = 1,...,h. Further, oq,..., o, are uniquely
determined by R and R,. The maximal ideal of R is

h
J = pRo D Z Romi-
i=1

Let R be a completely primary finite ring (not necessarily commutative).
The following facts are useful (e.g. see [2, §2]): The group of units R* of R
contains a cyclic subgroup < b > of order p” — 1, and R* is a semi-direct
product of 1 + 7 by < b >; the group of units R* is solvable; if G is a
subgroup of R* of order p" — 1, then GG is conjugate to < b > in R*; if R*
contains a normal subgroup of order p” — 1, then the set K, =< b > U{0} is
contained in the center of the ring R; and (1 + J%)/(1 + ) = g4/ gt
(the left hand side as a multiplicative group and the right hand side as an
additive group).

Now let R be a commutative completely primary finite ring with maximal
ideal 7 such that J3 = (0) and J? # (0). The author gave constructions
describing these rings for each characteristic and for details, we refer the
reader to sections 4 and 6 of [1]. Then R/J = GF(p") and the characteristic
of Ris p*, where 1 < k < 3. Let R, = GR(p*", p*) be a galois subring of R.

h h
Then R = R,® Y R,m; and the maximal ideal of Ris J = pR,® > Rom;.
i=1 i=1
Moreover, from Constructions A and B in [1],

and
J=pR, UV dW,

where the R,—modules U, V and W are finitely generated. The structure
of R is characterized by the invariants p, n, r, d, s, t and \; and the
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linearly independent matrices (af}) defined in the multiplication. In [1],
d > 0 denotes the number of the m; € {m, ..., my} with pm; # 0.

Let s, t, A be numbers in the generating sets for the R,—modules U, V, W,
respectively. In [2] we have determined the unit group R* of the ring R when
s =2, t =1, A =0 and characteristic of R is p; and when t = s(s+1)/2, A =
0, for a fixed integer s, for all the characteristics of R. In [3] we obtained
the structure of R* when s = 2, t = 1, A = 0 and characteristic of R is p?
and p?; and the case when s =2, t =2, A = 0 and characteristic of R is p.
In both papers [2] and [3], we assumed that A = 0 so that the annihilator of
the maximal ideal [J coincides with 2.

In Section 2, we show that 1 + J is a direct product of its subgroups
1+pR,&U &V and 1+ W and further determine the structure of 14+ W, in
general; and in Section 3, we determine the structure of R* when s =3, t =
1, A > 1 and charR = p. In the final Section, we generalize the structure
of R* in the cases when s = 2, t = 1; t = s(s + 1)/2, for a fixed integer
s, and for all characteristics of R; and when s = 2, ¢ = 2 and charR = p;
determined in [2] and [3], to the case when ann(J) = J? + W so that
A > 1. This complements our earlier solution to the problem in the case

when ann(J) = J2.

Notice that since R is of order p™" and R* = R — 7, it is easy to see that
IR*| = p»= V7 (pr — 1) and |1 + J| = p™ V", so that 1+ J is an abelian
p-group. Thus, since R is commutative,

R =<b>-(1+7)=2<b>x(1+J);

a direct product of the p—group 1 + J by the cyclic subgroup < b > .

2. THE STRUCTURE OF 1 + W

Let R be a commutative completely primary finite ring with maximal ideal
J such that 72 = (0) and J2 # (0). Let R, = GR(p*",p*) (1 < k < 3)
and let non-negative integers s, ¢ and A be numbers in the generating
sets {uy, ..., us}, {v1, ..., v} and {wy, ..., wy} for finitely generated
R,—modules U, V and W, respectively, where t < s(s + 1)/2 and A > 1.
Then R=R,®U @&V & W and hence,

s t A
R=R,® Y Roui®» Rov; ® Y Rouy,
i=1 j=1 k=1

s t A
j = pRo ¥ Z Roui s> Z Ro'Uj ¥ Z Rowka
k=1

i=1 j=1
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t A t A
ann(J) = pR, ® Z R,v; ® Z R,wy, or p>R, @ Z Ryv; ® Z Rowy,
j=1 k=1 j=1 k=1

¢ t
j2 =pR, D Z R,v; or p2R0 b Z Ryvj;
j=1 j=1
and J3 = (0). Hence,

s t A
1+7=1 —|—pROEBZROuZ~ EBZROvj @ZRowk.
i=1 j=1 k=1

The following proposition and its corollary play an important role in de-
termining the structure of 1 + 7.

Proposition 2.1. If A > 1, then 1+ Zg\zl S Row; is a subgroup of 1+ J.

Proof. This follows easily since for any two elements 1 + ) o;w; and 1 +
> Biw; in 1+ Zf‘zl @GR, w;, we have

(1+ Z a;w;) (1 4+ Zﬁiwi) =1+ Z(ai + Bi)w;,
an element in 1 + Zz/‘\:l DR w;. O
Corollary 2.2. 1+ ann(J) is a subgroup of 1 + J.
The following result simplifies most of the work in the sequel.
Proposition 2.3. The p—group 1+ J s a direct product of the subgroups
1+pRo® >0 1 Roui ® 23:1 Rovj by 1+ Zf‘zl DR w;.

Proof. Follows easily because 3% | @R,w; C ann(J) and a routine check
shows that

s t A
(1+pR, ® Z Rou; @ Z Rovj) x (14 Z SR w;)
=1

i=1 j=1

s t A
= 1+pR,® > Rot; ® > Rov; @ > Rowy,
i=1 j=1 k=1
= 14+ J.
(]
Since the structure of 1+pR,® > 7 | Rou; & 22:1 Ryvj, for s =2, t =1,
s =2, t =2 and charR = p, and t = s(s + 1)/2 for a fixed s, have

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/iss1/8
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been determined in [2] and [3], and following Proposition 2.2, it suffices to
determine the structure of 1 +W =1+ Z;‘Zl S R,w;. We do this for every
characteristic p* (1 < k < 3) of R.

We first note that pw; = 0 for each w; € W (i = 1, ..., A), since W C
ann(J) = J? + W.

Proposition 2.4. The group 1 + Zf‘zl PR,w; = ZZ X e X Z; , for any

~
A>1 times

prime integer p such that p¥ =charR (1 < k < 3).

Proof. Let €1, €9, ..., €. be elements of R, with e; = 1so that 27, &3, ..., &, €
R,/pR, = GF(p") form a basis of GF(p") over its prime subfield GF(p).
First notice that, for 1 +¢;w; € 1+ Z;\:l @ R,w;, and for each j =1, ..., r;
(14+ew;)? =1land g? =1forall ge 1+ Z?:l ®R,w;, where p is a prime
integer such that p* =charR (1 < k < 3).

For integers I, mj, ..., nj < p, we assert that

H {(1 +5jw1)lﬂ} X H {1 +egjwa)™} x ... X H {IT+ejwy)"} =1,

j=1

will imply that [; =m; = ...=mn;=p,forall j=1,...7
If we set

Fi = {(1 o) l=1, ., p},
Gj ={(1 +€jw2)m :m=1, ..., p}, ..,
Hi={1+¢egw\)":n=1, ..., p},

forall j =1, ..., r; we see that F};, G}, ..., H; are all cyclic subgroups of 1+
Zg\:l @ R,w; and these are all of order p as indicated in their definition. The
argument above will show that the product of the Ar subgroups F;, G, ...,

and H; is direct. So, their product will exhaust 1 + Zf‘zl PR w;. U

3. THE CASE WHEN CHARR=p, s=3, t=1AND A > 1

Let the characteristic of the ring R be pand let s =3, t =1and A > 1.

Then
A
R=F,0Fu ®Fu ®Fus ®Fv @ Y  @Fquw;,
=1
and
A
J =Fquy @ Fqup ® Fguz ® Fgo @ > OF qwy,
=1
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where F, = GF(p"), the Galois field of p" elements, for any positive integer
r, and prime integer p, and we have

u;u; = a;jv, where a;; € Fy.

The symmetric matrix A = (a;;) is non-zero and one verifies that any such
matrix glves rise to a ring of the present type If we Change to Tnew gener-
ators u v/, w' with corresponding matrix A then ul, u2, u3 are linear
combmatlons of ui, v, w;. Since J3 = (0), we may assume that the coef-
ficients of v and w; are zero and write u; = p1;u1 + p2;us + p3;ug, so that
P = (pi;) is the transition matrix from the basis {u1, ua, us} of J/ann(J)
to the basis {u}, uy, uz}. If also v’ = kv (k € [Fy) and we now calculate

u, uj and compare coefficients of v, we obtain an equation which, in matrix
form is

P'AP = kA,
where P! is the transpose of the matrix P. The problem of classifying the
present class of rings up to isomorphism is now readily seen to amount
to that of classifying symmetric matrices A under the above equivalence

relation, in which P € GL3(F,), k € [}, are arbitrary. Observe that & is the

transition element from the basis {v} of J2 to {v'}. This is similar to the
situation of [4, 5], wherein k € F;. We deduce from Theorem 3 in [5] that if
p = 2, there are up to isomorphism, four commutative rings with structural

matrices
1 00 1 00 1 00 0O 0 O
0O 0 0], 01 0 |, 01 0 , 0 0 1 :
0 0 O 0 0 0 0 0 1 01 0

and from Theorem 4 in [4] that if p is odd, there are up to isomorphism, five
commutative rings with structural matrices

a 0 0 1 0 0 1 0 0
0o 0 0], 0 a 0 |, 01 0 |, (=1, ),
0 0 0 0 0 O 0 0 «

where € is a fixed non-square in [F,. Note that the first matrix in the case
when p is odd may be multiplied by 1/« to obtain the five non-isomorphic
classes of rings under consideration.
We now determine the structure of the p—group 1+ J. Notice that
A
14+ J =1+Fgu @ Foup Fus ®Fo @ > OF ;.
i=1
The following result is fundamental in the study of the unit groups of the
rings in this paper.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/iss1/8
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Lemma 3.1. Let R and S be rings (not necessarily rings considered in
this paper). Then every ring isomorphism between R and S restricts to an
1somorphism between R* and S*.

However, it is not always true that if R* = S*, then the rings R and S
are isomorphic, as may be illustrated by the following: Z* = {1, —1} = Zj,
while Z (infinite) and Zs3 (finite) are non-isomorphic rings.

To simplify our notation, we shall call a ring of characteristic p = 2, a
ring of Type I if it is isomorphic to a ring with structural matrix

100 1 00 100
0 0 0], 0O 1 0|, or 01 0 [|;
0 0 0 0 00 0 01
and a ring of Type II if it is isomorphic to a ring with structural matrix
0 0O
0 0 1
01 0

Proposition 3.2. If charR=p, s=3,t=1 and \ > 1, then
1+ J =7 x Ly x Zy x Zy x (Zp)™ if p is odd,
and when p = 2,

ng{zgngngx(gy if R is of Type I;
7 x T x T < 7 x (Z5)» if R is of Type IL
Proof. Let e1, ..., e, € F, with 1 = 1 such that &1, ..., & € F, form a basis
for IF, over its prime subfield IF,, where ¢ = p" for any prime p and positive
integer r.

We consider the two cases separately. So, suppose that p is odd. We
first note the following results: For each i = 1, ..., (1 + g;u1)? = 1,

(1+€iu2)p =1, (1+5iu3)p =1, (1+5iv)p =1, (1+€ij)p =1, (j =1, .., )‘>7
and g? = 1 for all g € 1 + J. For integers k;, l;, m;, n;, t; < p, we assert
that

H{(l +ejup)ti} - _H{(l +eiug)l} - H{(l +equz)™} - H{(l +e0)"}

AT
JTTHO +ewp)y =1,
j=1i=1
rallz=1, ...,r.
Lo, ph By ={(1+eu) 1 =1, ..., pl,
LG ={1+¢ev)" :n=1, .., p} and
(j=1, ..., A), foralli=1, ....r; we see

will imply ki, li, mg, Ny, t; = p fo

If weset D; = {(1+&;u)¥ 1 k =
Fi= {(Lt )™ im =1, o p
Hi,j = {(1 +5Z-wj)t t=1, .., p}
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that D;, E;, F;, G;, H; ; are all subgroups of the group 147 and these are
all of order p as indicated in their definition. The argument above will show
that the product of the (4 + A\)r subgroups D;, E;, F;, G;, H;; is direct.
So, their product will exhaust 1 + 7. This proves the case when p is odd.

To prove the second part, suppose p = 2. We first observe that (1 +
g;u1)* = 1 if the ring R is of Type I, and if the ring R is of Type II, the
elements 1+ e;u1, 1 +e5up, 1 +gu3, 1+ v and 1 +g,w; (=1, ..., ), are
all of order 2.

If the ring R is of Type I, the elements 1+ ¢;uo, and 1+ €;us, are each of
order 4, for all =1, ..., r, according as the structural matrix A of R is of

1 0 0 1 0 0 1 O 0
theform [ 0 1 0 | or 0 1 0 |.In particular, if A= ,
0 0 O 0 0 1
0
1
0

then o(1 +e;u2) = o(1 + cju3) = o(1 + g;w;) = 2; if A= , then

o O =
o O O

o O =
o = O

0

o(1+¢eju3) = o(l + gw;) =2; and if A = ( 0 ) , then o(1 + g;w;) =
1

e

2; (j =1, ..., A). Observe further that in this
1+ 5?1}.

Now, if R is a ring of Type II, then for each ¢ = 1, ..., r and for integers
ki, l;, m;, n;, t; <2, we assert that the equation

JIE -+ esun)™p - TTH( + egu) ) - TTHQU + i)™} - TTHO+20)™)
i=1 i=1 i=1 =1

AT
QI TIHO + siwy)y = 1,

j=1i=1

-+

ype of rings, (1 + g;u;)? =

will imply k;, 1;, m;, n;, t; =2, for all i =1,

If weset D; = {(1+¢cu)*: k=1, 2} E; = {(1 +5u)t : I =1, 2},
Fi={1+¢gu3)™ :m=1, 2}, Gi={(1+¢ev)" :n=1, 2} and H; ; =
{Q+ew)t :t=1,2} (j =1, .., A), forall i =1, ...,r; we see that
D;, E;, F;, G;, H;; are all subgroups of the group 1+ 7, each of order 2.
The argument above will show that the product of the (4 + A)r subgroups
D;, E;, F;, G;, H;; is direct. So, their product will exhaust 1+ 7.

1 00

If Risaring of Typeland A= 1| 0 0 0 |, the equation

0 00

TTE + eun)™} - TTHQ + sua)} - TTHQ + iuz)™ ) -
=1 =1 =1

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/iss1/8



Chikunji: On Unit Groups of Completely Primary Finite Rings

UNIT GROUPS OF FINITE RINGS 157

Ao

T +ew)™y =1,

j=1i=1

will imply k; =4,and l; =m; =n; =2, forallte =1, ...,r,and j =1, ..., A.

If weset D; = {(1+eu)*: k=1, .., 4}, B; ={(1 +guz)' : 1 =1, 2},
F@' = {(1 + 8@U3)m . m = 1, 2}, and Gi’j = {(1 + siwj)t 1= 1, 2}
(=1, .., A), forall i =1, ...,r; we see that D;, E;, F;, G;; are all
subgroups of the group 1+ .7, and these are of the precise order as indicated
in their definition. The argument above will show that the product of the
(34 A)r subgroups D;, E;, F;, G, is direct. So, their product will exhaust
1+ J.

If Ris of Type I and A = , the equation

OO =
o = O
o OO

T T

H{(l + 8iU1)ki} . H{(l + eu +gu + eSﬂH-)li} : H{(l + &iug)™} -

=1 =1 =1
Ar

IO +ew)™y =1,

j=1i=1

will imply k; =4, and l; = m; =n; =2, foralli =1, ...,r,and j =1, ..., A\
A similar argument with slight modifications as in the previous case leads
to the result.

1 00
If Risof Typeland A= | 0 1 0 |, then 1+ J contains subgroups

0 0 1
< 14 ¢cup +gus + v >, < 14 g;u1 + gjug + ;v > each of order 2,
for every ¢ = 1, ..., r, and since any intersection of the cyclic subgroups
< 1l4egu >, < 1+¢cu +cgus +e,v >, <1+ ¢ec,u1 +c;uz + ;v > and
<1l+egw; > (j =1, .., A), is trivial, and that the order of the group

generated by the direct product of these cyclic subgroups coincides with
114 7], it follows that

T T
1+J = H<1+€Z‘U1>XH<1+€¢U1+€¢U2+EZ'U>X

i=1 i=1

r AT
H <14 eu +¢euz + ;v > X HH < 1+€¢wj >,
i=1 j=1i=1

a direct product. This proves the first part.
To prove the second part; since for each i = 1, ..., 7, (1 4+ g;u1)? = 1,
(I+eu)? =1 1+gu) =1 1+ev)? =1 1+egw)>=1( =
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1, ..., A), and the order of the group generated by the product of the cyclic
subgroups < 1 + c;u1 >, < 1 +¢gus >, < 14+ ¢guzg > < 1+ ¢gv >, and
<1l+4+ew; > (j=1, ..., A) coincides with |1 + 7|, and any intersection of
these subgroups gives the identity group, it follows that

r T T
1+J = H<1+5iu1>><H<1+8¢UQ>><H<1+6¢U3>><
i=1 i=1 i=1

A
ﬁ<1+6ﬂ)> XHﬁ<1+6iw]‘ >,
1=1

j=1i=1

a direct product. This completes the proof. (]

4. A GENERALIZED RESULT

In view of Proposition 2.3, we now state the following result which sum-
marizes the structure of the unit group R* of the ring R of the introduction,
in the cases when s = 2, t = 1; t = s(s + 1)/2, for a fixed integer s, and
for all characteristics of R; and when s = 2, t = 2 and charR = p; deter-
mined in [2] and [3], to the general case when ann(J) = J2 + W so that
A > 1. This complements our earlier solution to the problem in the case
when ann(J) = J2.

Theorem 4.1. The unit group R* of a commutative completely primary
finite ring R with mazimal ideal J such that J3 = (0) and J? # (0), and
with the invariants p, k, r, s, t, and X\ > 1, is a direct product of cyclic
groups as follows:

i) Ifs=2,t=1, A>1 and charR = p, then

Lgr 1 X T x T x (Z5)* or
R* =1 Zor_1 X Zh x T x 7% x (Z5)* if p =2
Lor—1 X L X T x Ty X (Zo)™if p # 2;

i) If s =2, t =1, A >1 and charR = p?, then

r T r r r\A
R — Lpr 1 X Ly X Ly X Ly X Ly X (Z) . or
Loy X Ly X Ly x Ly X 2y % (Zp)\ i p#2,

and if p=2
( (Zg X Zg) x (Zg X Tg) X Ly x (7o) if r=1and pe€ J —ann(J);
Lor 1 X T x Ty x T x (Z5)* if r>1andpeJ—ann(J);
R ] Lo X Ly X Zi % (Z5)A or
T ) Zor_y x 7 x Ty x T x (Z5)N if pe J%
Lgr 1 X Ty x 75 x (Z5)A or
| Zor 1 X 7 x 78 x 7 x (Z5)* if p€ann(J) — J?

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 50/iss1/8
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i) If s =2, t =1, A >1 and charR = p3, then
o { Ty -1 % Ly Ly x T X Ty x Ty x (T or

Loy X I x Ly x Ty x T x (Z) i p#2,
and
w1 X T X Ty x T4 x (Z5)> or
R* = Zor_1 X Z X T x T x 7 x (Z5) or

Lgr—1 X T x T x T x T x T4 x (Z5)* if p=2;
w)Ifs=2,t=2 A\>1 and charR = p, then

Lor—1 X T X T X T x I3 x (Z0) i p # 2,
R* = Zogr_y X T x 77 x (Z5)* or

Zor 1 X Ty x T x 7 x (Z5)* if p=2;

v) Ift =s(s+1)/2, A>1, and
(a) charR = p, then

B = { Lgr 1 x (Z3)® x (Z5)Y x (Z5H)* if p=2
Lor—1 X (Z5)% X (Zh)* x (Zp)Y x (Zh)* if p # 2;

(b) charR = p?, then

e [ Do X T X (Z5)° X (Z)° x (Z5)) x (Z5) i p=2
=\ Zyroa % (Z5) x (Z5)° x (Z,)° x (ZL)Y x (Zp) if p# 2

(c) charR = p3, then

R { Dogr 1 X Ty X Ty X T~ x (Z5)° x (Z})° x (Z5)Y x (ZH)> if p =2
| Zpr—y X Ze X (Zy)* X (Ze)* X (Zy)7 X (Z;)A if p#2;

where v = (5% — ) /2.

Proof. Follows from Section 3.1 in [2], Propositions 2.2, 2.3, 2.4 and 2.5 in
[3], Theorem 4.1 in [2] and Proposition 2.3. O]
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